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MODULARITY OF ELLIPTIC CURVES OVER ABELIAN
TOTALLY REAL FIELDS UNRAMIFIED AT 3, 5, AND 7
SHO YOSHIKAWA
Abstract. Let E be an elliptic curve over an abelian totally real field K
unramified at 3,5, and 7. We prove that E is modular.
1. Introduction
Let E be an elliptic curve over a totally real field K. We say that E is modular
if there exists a Hilbert eigenform f over K of parallel weight 2 such that L(E, s) =
L(f, s). The classical Shimura-Taniyama conjecture asserts that all elliptic curves
over Q are modular. This conjecture for semistable elliptic curves, which was
the crucial step in proving Fermat’s Last Theorem, was proved by Wiles [12] and
Tayor-Wiles [10]. Later, the general case of the conjecture was completed by Breuil-
Conrad-Diamond-Taylor [1].
The Shimura-Taniyama conjecture has a natural generalization to totally real
fields:
Conjecture 1.1. Let K be a totally real number field. Then, any elliptic curve
over K is modular.
Recently, a breakthrough on this problem was brought by Freitas-Le Hung-
Siksek. In their paper [3], they prove Conjecture 1.1 for any quadratic field. The
aim of this paper is to attack Conjecture 1.1 for abelian totally real fields. More
precisely, the main theorem is the following:
Theorem 1.2. Let K be a totally real number field which is abelian over Q. Suppose
that K is unramified at every prime above 3,5, and 7. Then, any elliptic curve over
K is modular.
Remark 1.3. In contrast to the proof of [3, Theorem 1], we do not use geometric
techniques on modular curves. Instead, our proof involves the modularity lifting
theorem [8] in an essential way, and hence at present we cannot remove the hypoth-
esis that K is abelian.
In the rest of this section, we describe the structure of the proof of Theorem 1.2.
Firstly, we prove the following proposition, which is a complementary result of [3,
Theorem 7]; we consider elliptic curves with additive reduction at a prime dividing
p = 5 or 7 instead of semi-stable reduction. The proof is given in Section 3.
Proposition 1.4. Let p = 5 or 7. Let K be a totally real field, p a prime of K
dividing p, and E an elliptic curve over K. Assume that K is unramified at p and
that E has additive reduction at p with ρ¯E,p : Gal(K¯/K) → GL2(Fp) (absolutely)
irreducible. Then E is modular, unless either of the following exceptional cases
hold:
(1) p = 5, vp(jE) ≡ 1 mod 3, and E has additive potential good (supersingular)
reduction at p, or
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(2) p = 7, vp(jE) ≡ 2 mod 3, and E has additive potential good (ordinary)
reduction at p.
Here, jE denotes the j-invariant of E, and vp is the normalized discrete valuation
of K at p. Also, ρ¯E,p denotes the mod p Galois representation defined by the p-
torsion points of E. Note that, for p 6= 2, ρ¯E,p is irreducible if and only if ρ¯E,p is
absolutely irreducible: This follows from the presence of the complex conjugates in
GK .
The basic strategy for the proof of Proposition 1.4 is based on [3, Theorem 7],
but because we treat the cases of additive reduction, we need to look at local mod
p Galois representations more carefully. The local computations are carried out in
Section 2. For this, we heavily use the results of Kraus [5].
Secondly, combining Proposition 1.4 and [3, Theorem 7], we prove the following
theorem. The proof is given in Section 4.
Theorem 1.5. Let K be a totally real field in which 7 is unramified. If E is an
elliptic curve over K with ρ¯E,7 (absolutely) irreducible, then E is modular.
Theorem 1.5 is seen as a mod 7 variant of the following theorem due to Thorne:
Theorem 1.6. ([11, Theorem 7.6]) Let K be a totally real field with
√
5 /∈ K. If
E is an elliptic curve over K with ρ¯E,5 (absolutely) irreducible, then E is modular.
Finally, we apply Theorem 1.5 and Theorem 1.6 to prove Theorem 1.2; we show
that, for an elliptic curve E which is not yet known to be modular, a quadratic
twist of E becomes semi-stable at all primes dividing 3, in which case we already
know its modularity by [2]. The detail is given in Section 5.
2. Local computations
First, we fix the notation of this section:
(1) p is a prime number.
(2) F is an absolutely unramified p-adic local field.
(3) E is an elliptic curve over F .
(4) v is the normalized p-adic discrete valuation of F .
(5) ω1 : I → µp−1(F¯ )→ F×p denotes the fundamental character of level 1, and
ω2, ω
′
2 : I → µp2−1(F¯ )→ F×p2 denote the fundamental characters of level 2.
Here, I is the inertia subgroup of GF .
For the proof of Proposition 1.4, we consider only the cases when E has additive
reduction; that is, E has potential multiplicative reduction, potential good ordinary
reduction, or potential good supersingular reduction. In the following subsection,
we treat these three cases separately, and we review the results of Kraus in [5] with-
out proof. We note that, although Kraus proves his results for elliptic curves over
Qp, the proofs also work without change for those over any absolutely unramified
p-adic field.
Potential multiplicative reduction case.
Proposition 2.1. Let p ≥ 3 be a prime number, F an unramified extension of
Qp, and E an elliptic curve over F with additive potential multiplicative reduction.
Then, the restriction of ρ¯E,p to the inertia subgroup I is of the form
(1) ρ¯E,p|I ≃
(
ω
p+1
2
1 ∗
0 ω
p−1
2
1
)
.
Proof. See [5, PROPOSITION 10]. 
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Since the projective image of (1) is of the form
(
ω1 ∗
0 1
)
, we obtain the following
corollary:
Corollary 2.2. In the setting of Proposition 2.1, the projective image Pρ¯E,p(GF )
contains a cyclic subgroup of order p− 1.
Potential ordinary reduction case.
Proposition 2.3. Let p ≥ 5 be a prime number, F an unramified extension of Qp,
and E an elliptic curve over F with additive potential ordinary reduction. Denote
∆ for a minimal discriminant of E and v for the normalized discrete valuation of
F . Set α = (p − 1)v(∆)/12, which is an integer as noted just before 2.3.2 in [5].
Then, the restriction of ρ¯E,p to the inertia subgroup I is of the form
(2) ρ¯E,p|I ≃
(
ω1−α1 ∗
0 ωα1
)
.
Proof. See [5, PROPOSITION 1]. 
The projective image of (2) is of the form
(
ω1−2α1 ∗
0 1
)
, and ω1−2α1 is a character
of order m := p−1(p−1,1−2α) . Thus, the projective image Pρ¯E,p(GF ) contains a cyclic
subgroup of order m. In the following, we compute the order m for certain p, which
we will take as 5 or 7 in Section 3
Suppose first that p is a prime number of the form p = 2a + 1 for an integer
a ≥ 2. Since 1− 2α is an odd integer, 1− 2α is prime to p− 1 = 2a so that we have
m = p− 1. Thus, we have the following corollary.
Corollary 2.4. Let p be a prime number of the form p = 2a + 1 with a ≥ 2 an
integer, F/Qp an unramified extension, and E an elliptic curve over F with additive
potential good ordinary reduction. Then, the projective image Pρ¯E,p(GF ) contains
a cyclic group of order p− 1.
Suppose next that p is a prime number of the form p = 3 · 2a + 1 with a ≥ 1 an
integer. Since α = v(∆)/2 is an integer, 1− 2α = 1− v(∆) is odd. Thus, we have
m =
{
p−1
3 (v(∆) ≡ 1 mod 3)
p− 1 (otherwise).
Therefore, we obtain the following corollary:
Corollary 2.5. Let p be a prime number of the form p = 3 · 2a + 1 for an integer
a ≥ 1, F/Qp an unramified extension, and E be an elliptic curve over F with
additive potential good ordinary reduction. Let also ∆ be a minimal discriminant of
E. Then, Pρ¯E,p(GF ) contains a cyclic group of order (p− 1)/3 or p− 1, depending
on whether v(∆) ≡ 1 mod 3 or v(∆) ≡ 0, 2 mod 3, respectively.
Potential supersingular reduction case. As in the previous subsections, we
begin with Kraus’ result.
Proposition 2.6. Let p ≥ 5 be a prime number, F an unramified extension of Qp,
and E an elliptic curve over F with additive potential supersingular reduction. We
choose a minimal model
y2 = x3 +Ax+B
of E. Also, let ∆ denote a minimal discriminant of E.
(a) If (v(∆), v(A), v(B)) is one of the triples (2, 1, 1), (3, 1, 2), (4, 2, 2), (8, 3, 4),
(9, 3, 5), or (10, 4, 5), then ρ¯E,p is wildly ramified.
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(b) If (v(∆), v(A), v(B)) is not any of the above triples, then the restriction of
ρ¯E,p to the inertia subgroup I is given by
(3) ρ¯E,p|I ⊗ Fp2 ≃
(
ωα2 ω
′
2
p−α
0
0 ω′2
α
ω2
p−α
)
.
Here, α = (p+ 1)v(∆)/12 is an integer as noted in [5, PROPOSITION 2].
Proof. The part (a) is a consequence of LEMME 2 and PROPOSITION 4 in [5].
The part (b) follows directly from PROPOSITION 2 and LEMME 2 in [5]. 
From the case (a) in the above proposition, we immediately obtain the following
corollary:
Corollary 2.7. Let the notation be as in Proposition 2.6. If the condition of (a)
holds, then the projective image Pρ¯E,p(GF ) contains a p-group.
Next, we consider the case (b) in the Proposition 2.6. The image of (3) in
PGL2(Fp2) is of the form
(
ω
−(p−1)(2α+1)
2 0
0 1
)
. Since the character ω
−(p−1)(2α+1)
2
is of order n := p+1(p+1,2α+1) , the projective image P(ρ¯E,p ⊗ Fp2)(GF ) (and hence
P(ρ¯E,p)(GF )) contains a cyclic subgroup of order n. In the rest of this subsection,
we make computations of the number n for certain p. We will apply them to the
case p = 5 or 7 in Section 3.
Suppose first that p is a prime number of the form p = 2a − 1 with a ≥ 3 an
integer. Since α is an integer, 2α + 1 is prime to p + 1 = 2a so that n = p + 1.
Thus, we have proved the following corollary:
Corollary 2.8. Let p be a prime number of the form p = 2a − 1 with a ≥ 3 an
integer, F/Qp an unramified extension, and E an elliptic curve over F with additive
potential good supersingular reduction. Assume the condition of (b) in Proposition
2.6 holds. Then, the projective image Pρ¯E,p(GF ) contains a cyclic group of order
p+ 1.
Suppose next that p is a prime number of the form p = 3 · 2a − 1 with a ≥ 1 an
integer. Since α = v(∆)/2 is an integer, 2α+ 1 = v(∆) + 1 is odd. Thus, we have
n =
{
p+1
3 (v(∆) ≡ 2 mod 3)
p+ 1 (otherwise).
Therefore, we obtain the following corollary:
Corollary 2.9. Let p be a prime number of the form p = 3 · 2a − 1 with a ≥ 1 an
integer, F/Qp an unramified extension, and E an elliptic curve over F with additive
potential good supersingular reduction. Let also ∆ be a minimal discriminant of E.
Assume the condition of (b) in Proposition 2.6 holds. Then, Pρ¯E,p(GF ) contains a
cyclic group of order (p+ 1)/3 or p+ 1, depending on whether v(∆) ≡ 2 mod 3 or
v(∆) = 0, 1 mod 3, respectively.
3. Proof of Proposition 1.4
Before proceeding to the proof of Proposition 1.4, we cite two theorems from [3].
First, the following theorem is a consequence of a combination of modularity
switching arguments and a modularity lifting theorem. As remarked in [3], the
modularity lifting theorem used there is relatively a direct consequence of the the-
orem of Breuil-Diamond, which is also an accumulation of works by many people.
Theorem 3.1. ([3, Theorem 3 and Theorem 4]) Let E be an elliptic curve over a
totally real field K. If p = 5 or 7, and if ρ¯E,p|GK(ζp) is absolutely irreducible, then
E is modular.
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Second, the following result will be useful in our setting for proving that ρ¯E,p|GK(ζp)
is absolutely irreducible.
Theorem 3.2. ([3, Proposition 9.1]) Let p = 5 or 7, and K be a totally real
field satisfying K ∩ Q(ζp) = Q. For an elliptic curve E over K such that ρ¯E,p is
(absolutely) irreducible but ρ¯E,p|GK(ζp) is absolutely reducible, we have the following:
(1) If p = 5, then ρ¯E,5(GK) is a group of order 16, and its projective image
Pρ¯E,5(GK) is isomorphic to (Z/2Z)
2.
(2) If p = 7, then Pρ¯E,7(GK) is isomorphic to S3 or D4.
We are now ready to prove Proposition 1.4. Let p = 5 or 7, K a totally real
field, and p a prime ideal of K dividing p. Let E be an elliptic curve over K. Also,
denote by ∆ a minimal discriminant of Ep := E ⊗K Kp.
We make the following assumptions as in the statement of Proposition 1.4:
(1) K is unramified at p,
(2) ρ¯E,p (absolutely) irreducible, and
(3) E has additive reduction at p.
We split the proof into three cases according to reduction of E:
(i) If E has additive potential multiplicative reduction at p, then Corollary 2.2
for Ep implies that Pρ¯E,p(GK) has a cyclic subgroup of order p−1. Thus, Theorem
3.2 implies that ρ¯E,p|GK(ζp) cannot be absolutely reducible. Hence E is modular by
Theorem 3.1.
(ii) Suppose next that E has additive potential ordinary reduction at p.
If p = 5, then Corollary 2.4 for Ep shows that Pρ¯E,5(GK) contains a cyclic subgroup
of order 4. Thus, by Theorem 3.2, ρ¯E,5|GK(ζ5) is absolutely irreducible, whence E
is modular.
Also, if p = 7 and v(∆) ≡ 0, 2 mod 3, then Corollary 2.5 shows that Pρ¯E,7(GK)
has a cyclic subgroup of order 6. Hence, Theorem 3.2 implies that ρ¯E,7|GK(ζ7) is
absolutely irreducible, in which case E is modular.
We consider the remaining cases; that is, p = 7 and vp(∆) ≡ 1. If jE 6= 0, then
these cases are equivalent to the case vp(jE) ≡ 2 modulo 3; in fact, this follows by
taking a minimal model y2 = x3+Ax+B of Ep and noting that jE = 1728A
3/∆. If
jE = 0, then E is modular since E becomes defined over Q after suitable (solvable)
base change.
(iii) Finally, suppose that E has additive potential supersingular reduction at p.
If the condition (a) in Proposition 2.6 holds, then Corollary 2.7, Theorem 3.2,
and Theorem 3.1 show that E is modular.
Assume the condition (b) in Proposition 2.6 holds. Then we have the following
two cases:
• If p = 5 and v(∆) ≡ 0, 1 mod 3, then Pρ¯E,5(GK) contains a cyclic subgroup
of order 6 by Corollary 2.9. Hence, Theorem 3.2 and Theorem 3.1 show
that E is modular. If jE 6= 0, then the remaining case when p = 5 and
vp(∆) ≡ 2 mod 3 can be rephrased as vp(jE) ≡ 1 modulo 3. If jE = 0, then
E is modular as in (ii).
• If p = 7, then E is modular by Corollary 2.8 with Theorem 3.2, and Theo-
rem 3.1.
In summary, combining (i), (ii), and (iii), we see that E is modular unless the
following conditions hold:
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(1) p = 5, vp(jE) ≡ 1 mod 3, and E has additive potential good (supersingular)
reduction at p, or
(2) p = 7, vp(jE) ≡ 2 mod 3, and E has additive potential good (ordinary)
reduction at p.
This proves Proposition 1.4.
4. Proof of Theorem 1.5
Let K and E be as in Theorem 1.5. If E has semi-stable reduction at some
prime dividing 7, then the assertion follows from [3, Theorem 7]. So suppose that
E has additive reduction at every prime p|7. By Proposition 1.4 and Theorem 3.1,
we have only to consider the case when E has additive potential ordinary reduction
at every prime p|7 and ρ¯E,7|G(K(ζ7)) is absolutely reducible. In this case, we may
apply the modularity lifting theorem [9] due to Skinner-Wiles in order to prove the
modularity of E.
Remark 4.1. A similar argument does not reprove Theorem 1.6 even if K is just
unramified at 5; in fact, Proposition 1.4 implies that an elliptic curve E over K
with ρ¯E,5|G(K(ζ5)) absolutely reducible must have additive potential supersingular
reduction at every prime p|5. In such a case, the theorem of Skinner-Wiles [9] is
not available.
Remark 4.2. In his thesis [6], Le Hung essentially shows the following; if K is a
totally real field unramified at 5 and 7, and if E is an elliptic curve overK with both
ρ¯E,p (p = 5, 7) irreducible, then E is modular. This follows from [6, Proposition
6.1] combined with the modularity lifting theorem due to Skinner-Wiles [9].
Remark 4.3. Very recently, S. Kalyanswamy [4] announced to prove a version of
Theorem 1.5. He actually proves a new modularity theorem [4, Theorem 3.4] for
certain Galois representations, and applies it to elliptic curves in [4, Theorem 4.4].
For clarity, we describe the difference between Theorem 1.5 and [4, Theorem 4.4]:
Kalyanswamy considers elliptic curves over a totally real field F with F∩Q(ζ7) = Q,
which is weaker than the assumption that F is unramified at 7, while he also
imposes an additional condition on the mod 7 Galois representations. Therefore,
both Theorem 1.5 and [4, Theorem 4.4] have their own advantage.
5. Proof of Theorem 1.2
For the proof of Theorem 1.2, we need another modularity theorem due to Freitas
[2]. This theorem essentially follows from [8], [9], and Theorem 3.1.
Theorem 5.1. [2, Theorem 6.3] Let K be an abelian totally real field where 3 is
unramified. Let E be an elliptic curve over K semistable at all primes p|3. Then,
E is modular.
Also, we note a well-known result of a torsion version of Neron-Ogg-Shafarevich.
Lemma 5.2. [7, VII, Exercises 7.9] Let F be a local field, E an elliptic curve over F
with potential good reduction, and m ≥ 3 an integer relatively prime to the residual
characteristic of F .
(a) The inertia group of F (E[m])/F is independent of m.
(b) The extension F (E[m])/F is unramified if and only if E has good reduction.
Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. Let K be as in Theorem 1.2 and E be an elliptic curve
over K. We prove that E is modular. By Theorem 1.5 and Theorem 1.6, we may
assume that both ρ¯E,5 and ρ¯E,7 are reducible; that is, ρ¯E,p for p = 5, 7 factors
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through a Borel subgroup B(Fp). Note that B(F5) (resp. B(F7)) is of order 4
2 · 5
(resp. 62 · 7).
Let p be a prime of K dividing 3. By Lemma 5.2 (a), the representations of the
inertia subgroup Ip on E[5] and E[7] factor through the same quotient I
′
p. Since
|I ′p| divides gcd(42 · 5, 62 · 7) = 4, I ′p is tame (and so cyclic) of order dividing 4.
Subgroups of order 4 in B(F7) are not cyclic, and hence I
′
p is trivial or of order 2. If
Ep = E ⊗Kp has potential good reduction, Ep becomes of good reduction over at
most a quadratic extension of Kp by Lemma 5.2 (b). Also, in the case where Ep has
potential multiplicative reduction, Ep becomes isomorphic to a Tate curve after a
quadratic extension of Kv. Summarizing both cases, we see that Ep becomes semi-
stable after a quadratic base change. This implies that, if Ep has bad reduction,
a quadratic twist of Ep (by a uniformizer of Kp) is semi-stable. Using the weak
approximation theorem, we find d ∈ K such that the quadratic twist E(d) of E by
d is semi-stable at every prime p|3. Theorem 5.1 shows that E(d) is modular. Since
the modularity of elliptic curves is invariant under quadratic twists, it follows that
E is modular. 
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